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PREFACE 
Geometry (derived from the words geo, meaning earth, and metrein, 
meaning measure) is a part of mathematics which about four thousand years 
ago consisted primarily of a few practical procedures for measuring areas 
of fields. That is to say, geometry was an empirical science based on 
experience, observation, and measurement. General theories, postulates 
and proofs bad not been formalized. Therefore, our geometry has evolved 
from a few formulas and procedures arising from practical needs. 
Today we usually think of geometry as a deductive science based on 
primitive or undefined terms, postulates, and the logical deduction of 
theorems. As a result of this approach, different systems of postulates 
developed from time to time and these gave rise to the development of geo¬ 
metries such as Euclidean, non-Euclidean, projective and many others. 
However, after the publication of Lobachevsky'S work (a Russian 
mathematician) on non-Euclidean geometry between 1829 and 1830, an interest 
developed among mathematicians for a satisfactory postulational treatment 
of Euclidean geometry. They felt it necessary to isolate any hidden assump¬ 
tions and to put the study of this field of mathematics on a more formal 
and rigorous basis. Therefore, in view of the above statements, the 
writer of this thesis will endeavor to present in the following pages the 
main results of the development of Euclid's plane geometry based on a pos¬ 
tulational approach. 
The material of this thesis is divided into the following three 
chapters. The first chapter is the results of the development of Euclid's 
plane geometry through application of postulates by Pasch, Peano, Pieri 
and Hilbert. The second chapter builds Euclid's geometry through a modi¬ 
fied version of Hilbert's system of postulates known as the Ball State 
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Program Geometry. The third chapter is the results of a further develop¬ 
ment of Euclid's geometry through the application of a marked scale or 
ruler and protractor. This system of postulates was developed by George 
D. Birkhoff. 
The writer wishes to express his sincere appreciation to Dr. Veeriah 
V. Kota for his advice and guidance in developing this thesis. Moreover, 
he wishes to thank the library staff of Emory University in assisting him 
in obtaining pertinent materials. Last, but not least, he wishes to thank 
his wife for her assistance and patience while doing this work. 
CHAPTER I 
INTRODUCTION 
Development of Euclid's Geometry Through Postulates 
With the development of new geometries, mathematicians began to 
feel that Euclid's system should be reconstructed in a manner which 
would make it free of tacit assumptions. Much energy was expended in 
attempting to build the geometry of Euclid afresh — this time to recog¬ 
nize the terms admitted to be undefined, to state explicitly those terms 
which are defined, to formulate carefully whatever postulates needed, and 
then to erect the structure logically and postulationally purer than the 
system of Euclid. 
Euclid, some claimed, was too familiar with his geometry. He made 
implicit assumptions not defined through his system of postulates. To 
point out two of these tacit assumptions, Euclid defined a point and a 
straight line as follows: 
1. A point is that which has no part, 
2. A straight line is a line that lies evenly with the points on 
itselfj 
without explicitly stating that 
1. points and lines exist; 
2. not all points are on the same line.*- 
Tacit assumptions like the two listed above and others were the 
reasons which forced mathematicians to examine Euclid's geometry 
^Bruce E. Meserve, Fundamental Concepts of Geometry (Massachusetts: 




A brief Review on Pasch's, Peano's and Pieros work. — In 1882 
Morris Pasch, a German mathema tician, was the first to accomplish a postu- 
lational treatment of Euclidean geometry. Pasch recognized the important 
distinction between explicit and implicit definition that is to say, he 
recognized that every term could not be defined without circularity in 
definition. Whereas Euclid attempted a kind of explicit definition of the 
terns point, line and plane, Pasch accepted these as primitive or undefined 
terms in his development. He only considered them implicitly defined by 
the basic propositions that he assuned as postulates. 
Following Pasch, the Italian mathematician, Guiseppi Peano(1898-1932) 
gave, in 1889, a new postulational development of Euclid's geometry. Like 
Pasch, Peano based his treatment on undefined terms among which were point 
and a relation among points called betweenness. From many points of view 
Peano's work is largely a translation of Pasch's treatment into the nota¬ 
tion of a symbolic logic. For example, if one is to say, two X's determine 
a Y, instead of, two points determine a straight line, one is not so likely 
to get preconceived notions about points and straight lines, and if symbolic 
logic is used in the reasoning, then the derivation of theorems becomes 
an algebraic process in which only symbols and formulas are used, and 
geometry is reduced to a strictly formal process which is entirely inde¬ 
pendent of any interpretations of the symbols involved. 
Another Italian mathematician, MarioPLer.i (I86O-I90I4) used, 
in 1899, in his treatment of Euclid's geometry, a quite different approach 
from that of Pasch and Peano. He considered the subject of his study to 
be a collection of undefined elements called points and an undefined concept 
of motion. Pieri's idea of motion, which is essentially that of rigid 
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displacement, is adaptable to the Euclidean superposition proofs. 
It can be clearly seen throughout the above discussion, Pasch, Peano 
and Pieri emphasized the importance of undefined terms in building a logi¬ 
cal and postulational system of geometry. 
Remarks on Hilbert's work. — Next, we come to David Hilbert (1862— 
19h3), a noted German mathematician, who, in 1899, published his Grundlagen 
der Geometrie (Foundations of Geometry). This work, in its various im¬ 
proved revisions, is a standard in the field of geometry for it has done 
more than any other single work since the discovery of non-Euclidean geome¬ 
try to provide the modern mathematical method and to shape the character 
of a great deal of present day mathematics. 
The undefined terms in Hilbert's development of Euclidean geometry 
are as follows: 
1. Point 
2. Line (Here a line means straight line) 
3. Between (This is an order relationship between a point and a 
pair of points) 
Li. Congruent (This is a relationship between pairs of points and 
geometric configurations such as angles) 
Postulates which Hilbert developed for plane Euclidean geometry. — 
Hilbert built twenty-one postulates and six primitive terms in his treat¬ 
ment of plane and solid Euclidean geometry of which fifteen are postulated 
dealing with plane geometry which are grouped and listed as follows with 
definitions: 
Postulates of connection 
1. There is one and only one line passing through any two given 
distinct points. 
h 
2. Every line contains at least two distinct points, and for Many 
given line there is at least one point not on the line.” 
Postulates of order 
1. If point C is between points A and B, then A, B, C are all on the 
same line, and C is between B and A, and B is not between C and 
A, and A is not between C and B. 
2. For any two distinct points A and B, there is always a point C 
which is between A and B, and a point D such that B is between 
A and D. 
3. If A, B, C are three distinct points on the same line, then one 
of the points is between the other two. 
Definitions 
1. By the segment AB is meant the points A and B and all points which 
are between A and B. Points A and B are called end points of the 
segment.A point C is said to be on AB if it is A or B or some 
point between A and B. 
2. Two lines — a line and a segment — or two segments, are said 
to intersect if there is a point which is on both of them. 
3. Let A, B, C be three points not on the same line. Then by the 
triangle ABC is meant the three segments AB, BC, CA. The seg¬ 
ments AB, BC, CA are called sides of the triangle, and the points 
A, B, C are called the vertices of the triangle. 
U. Two segments are said to be congruent if the end points of the 
segment are congruent pairs of points. 
5. By the ray AB is meant the set of all points consisting of those 
which are between A and B, the point B itself and all points C 
such that B is between A and C. The ray AB is said to emanate 
from point A. 
? 
6. By an angle is meant a point (called the vertex of the angle) 
and two rays (called the sides of the angle) emanating from the 
point. By virtue of the theorem below } if the vertex of the 
angle is a point A and if B and C are any two points other than 
A on the two sides of the angle, we may speak of the angle, BAC 
or CAB with no distinction. 
7. If ABC is a triangle, then the treee angles, BAC, CAB and ACB 
are called the angles of the triangle. Angle BAC is said to be 
included by the sides AB and AC of the triangle. 
Pasch postulate. — A line which intersects one side of a triangle 
but does not pass through any of the vertices of the triangle must also 
intersect another side of the triangle. 
Postulates of Congruence 
1. If A and B are distinct and if A' is a point on a line m, then 
there are two and only two distinct points B* and B" on m such 
that the pair of points A', B' is congruent to the pair A, B 
and the pair of points A’, B" is congruent to the pair A, B; 
moreover, A* is between B' and Bn. 
2. If two pairs of points are congruent to the same pair of points, 
then they are congruent to each other. 
3. If point C is between points A and B and point C between points 
A» and B’, and if the pair of points A, C is congruent to the 
pair A’, C’, and the pair of points C, B is congruent to the 
pair C, B’, then the pair of points A, B is congruent to the 
pair A’B'. 
li. If BAC is an angle whose sides do not lie in the same line, and 
if A’ and B* are two distinct points, then there are two and 
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only two distinct rays, A1 C* and A' C", such that angle B'A'C* 
is congruent to angle BAC and angle B'A'C1* is congruent to angle 
BAC. Moreover, if D' is any point on the ray A'C' and DM is any 
point on the ray A'C", then the segment D'D" intersect the line 
determined by A* and B'. 
5. Every angle is congruent to itself. 
6. If two sides and the included angle of one triangle are congruent, 
respectively to two sides and the included angle of another tri¬ 
angle, then each of the remaining angles of the first triangle is 
congruent to the corresponding angle of the second triangle. 
Theorem. — If B' is any point on the ray AB, then the rays AB' and 
AB are identical. 
Postulate of Parallels. — (Playfair's Postulate) Through a given 
point A, not on a given line m, there passes at most one line which does 
not intersect m. 
Postulates of continuity 
1. (Postulate of Archimedes) If A, B, C, D are four distinct points, 
then there is on the ray AB a finite set of distinct points A^. 
A2, ..., An such that (l) each of the pairs A, A-j_ - A-^. A2 - A^, 
A^ - ...; An - 1 - An is congruent to the pair C, D and (2) B is 
between A, and An. 
2. (Postulates of Completeness) The points of a line constitute a 
system of points such that no new points can be assigned to the 
line without causing the line to violate at least one of the nine 
aforesaid postulates: Connection: 1,2, Order: 1,2,3,1;, Congruent: 
1,2, Continuity: 1. 
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The significance of Hilberts postulates to plane Euclidean Geometry, — 
Each category of the Hilbert postulates relate properties in the system of 
geometry which gives the same geometry of Euclid except that it is charac¬ 
terized with more rigor and validity. From the postulates of Hilbert, 
theorems of Euclid can be deduced without the tacit assumptions; however, 
it must be understood that Euclid's system was not destroyed but improved 
upon and that Hilbert adopted several postulates of Euclid. 
The important roles the postulates of connection pla;y are the follow¬ 
ing: 
1. They define implicitly the idea expressed by the undefined ternf^on. 
2. They establish a relation between the two undefined terms point 
and line. 
The postulates of order emphasize the following relations: 
1. They imply ideas expressed by the undefined term between. 
2. They establish the existence of an infinite nimber of points on 
a line. 
3. They establish that a line is not terminated at any given point. 
iu They certify that the order of point on a line is serial rather 
than cyclic as represented in figures 1-1 and 1-2, respectively. 
ft 
 1 I f  
fl Be 
Figure 1-1 Figure 1-2 
The important part which the postulates of congruence play is that 
they make use of superposition unnecessary. 
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The postulate on parallels is called the Playfair postulate in recog¬ 
nition of work by the Scottish physicist and mathematician John Playfair 
( 17148—1819). This postulate is equivalent to Euclid's parallel postulate 
in that geometers are able to deduce from Hilbert's postulates that there 
is at least one line through a point not on the line parallel to a given 
line, but they cannot deduce that there is at most one. Therefore, the 
lattar needs to be postulated. 
The postulates of continuity, although not necessarily needed in the 
above system, do give the following additional working tools: 
1. They permit a measure to be applied to every line. 
2. They imply the idea of extending a straight line indefinitely. 
CHAPTER II 
A MODIFIED VERSION OF HILBERT'S SYSTEM OF POSTULATES 
In recent years several experimental programs have been conducted to 
adopt a modified version of Hilbert's postulational system of plane Euclidean 
geometry for use in the high school curriculum. 
The Ball State Program Geometry is an outgrowth of such experimentation 
through the use of several pilot schools and the Burris School which is a 
laboratory school of Ball State Teachers College, Muncie-, Indiana. 
As a result of these experiments, a modified postulational system based 
on Hilbert's postulates has been developed and will be presented in the 
following pages through postulates, illustrations, definitions, theorems and 
some proofs. 
Postulates of incidence 
1. There are at least three points not all on the same line. 
2. For any two different points, there is exactly one line contain¬ 
ing these points. 
3. Every line contains at least two points. 
Theorem i 
Two different lines do not intersect in more than one point. 
Proof: Suppose in the figure 2-1, lines 1 and m intersect at points y 
A and B. Hence, there are two different 
contradicts postulate of incidence - 2 
lines 1 and m through A and B. But this 
Figure 2-1 
Theorem 2 
There are- at least three lines in the plane. Proof: Let A, B and 
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C be three points in a plane and which are not on the same line. (See 
Postulate of incidence - l) 
Let lines 1, m and n pass through points A and B, B and C, and 0 and 
A, respectively (See postulate of incidence - 2 and Figure 2 
Hence, lines 1, m and n are different. 
Postulates of Betweeness 
1. If B is between A and C, then A. B and C are different, and also 
distinct points on a line (See Figure 2-3) 
ft Be 
i i t - — ' 
Figure 2-3 
2. For every three points on a line, exactly one of then is between 
the other two. 
3. Any four points on a line may be represented by A]_, A2, A3, Aj^, 
so that the betweenness relations are in the same order as the 
subscript ordinals. Hence, the betweenness relations are as repre¬ 
sented: A2 is between A^ and Ay Ag is between A-^ and A^, and so 
on. 
I4. If A and B are two points, then there is at least one point C such 
that B is between A and C, and at least one point D such that D 
is between A and B (See Figure 2-U). 
fl P PC 
 1 1 1 1— 
Figure 2-1* 
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Definition 1 . — Two distinct points that are not on a line 1 
are said to be on the same side of 1 if no point of 1 is between 
the two points. (See Figure 2-5). Two distinct points that are 
not on a line 1 are said to be on opposite sides of 1 if there is 
5. Every line separates the plane. What is meant by this is that all 
points of the plane not on the line are divided into two sets, 
and each set is on either side of the line having the following 
properties} 
(i) If P and Q belong to one of these sets, then no point of 1 
is between P and Q, then P and Q are said to be on the same 
side of 1. 
(ii) If P and Q are in different sets, then there is a point on 
1 which is between P and Q. 
Postulates of Linear Congruence 
1. Let two points A and B be on a line 1 and a point A' be on a line 
1' such that on a given side of A' on 1* there is one and only 
one point B* such that AB is congruent to A'B*. By notation AB^A'B’. 
2. The equivalence relation of linear congruence: 
(i) AB AB (Peflexsive) 
(ii) If AB^A'B1, thenA’B' AB (Symmetric) 
(iii) If AB A'B‘ and A'B'o=i A''B" then AB A'*BW (Transitive) 
3. The addition and subtraction of segments postulate. — Let B be 
12 
between A and C on a line 1 and let b' be 
between A* and C on a line 1', (See Figure 2-7) such that: 
(i) Tf AB ^ A'B* and BC 'Qs! B»C’ then AC A'C' 
(ii) If AC ^ A'C' and BC ^ B'C', then AB A'B». 
fl B c 
£ B' ci 
Figure 2-7 
Definition 2, — Let AB be any segment and A'B’ another segment 
on line 1'. (See Figure 2-8). On the same side of A* as B', 
let B" be a point such that AË> A 'B''. If A'B'B" (that is B' 
is between A* and B") we say that AB>A'B'. If A rB'*B* (that is B" is 
between A* and B') we say that AB < A'B', 
Theorem 3. — If AB > A'B* then A'B' -C AB, and conversely, if A' 
B' < AB then AB > A’B'. Proof: (part one of the theorem) If AB > A'B' 
then AB RS&- A*C' and A'B'C' (B' is between A* and C). If A'B' < AB then 
A’B'Ç^’ AC and ACB (C is between A and B). Now let us show that C' falls 
beyond B' and C falls between A and B. From (l) then AB A'C’ and B* 
is between A' and C. 
Hence, on a given side of point A there exists a point C such that 
AC A'B'. To establish C is between A and B, consider the point X in 
Figure 2-9 such that ACX and CX B'C*. Now, by addition of segments 
AX A’C'. But AB A'C' X s B. Hence, since ACX gives us ACB 
from (2) we have A'B1 •< AB. 
R‘ B' a 
Figure 2-9 
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Theorem 1;. ~ If AC -Q^ A'C* and B1 is between A? and C’ and B is the 
point on C's side of A such that AB A'B', then B is between A and C. 
Proof: Since AC > A’B* then clear lyA'B* AC. Hence, by definition 
2, B is between A and C. 
The postulate of Archimedes. — The Ball State program has this postu¬ 
late stated the same as Hilbert, with one exception that B can equal An. 
That is to say B=An or B lies between An_i and An. 
Postulate of completeness. — For every line 1 and any point A on 1 
and for any positive real number X, there exists on a given side of A, a 
point B such that AB = X. Where AÊ represents the length of the segment 
AB. 
With the help of two above postulates, it can be shown by the follow¬ 
ing theorem that congruence and the length of a line segment are the same. 
Theorem $. — If AB A’B'then AB = ATS'. Proof: Given a segment 
AB, let Ci, C2, C3, Cjj, ... be a sequence of points between A and B. How 
consider a corresponding sequence Ci, C*2, C3, ... such that ACi A'C'^, 
AC2 A'C'2, AC3 ^ AC3, ... and where C'i, C'2, 0*3, ... are points 
on the same side of A’ as B* then by Theorem 1|, the points C'^, C'2, C*3, 
... are between A' and B'. Hence, by the completeness postulate C']_, C*2, 
C'3, ... determine the same real number as C-^, C2, C3, ... Hence, ÂB^A'B*. 
Theorem 6. — (The converse of Theorem 5) If AB = A7T5', then ABa'A'B'. 
Proof: Choose a point B" on the same side of A as B such that AB” A'B'. 
Hence, B" = B or B” ^ B. Since AB"^ A’B’ then AB" = ÂTB*. (See Theorem 
5). But IB = FË'. Hence, ÂB" = ÂB. But if B" =£ B, then AB and AB" 
would be different. Therefore, B” =■ B and AB ^A’B'. 
Postulates of congruent angles. — Angular congruence is similar to 
that of linear congruence in that the same properties which arpply to 
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segments also apply to angles. If, however, these properties were not 
stated, they would be tacit assumptions. Therefore, they should be stated 
explicitly as follows: 
1. If ZA is not a straight angle and if r' is a ray from A* on a 
line 1’, then on a given side of 1' there is one aid only one ray 
S' drawn from A' such that the angle A' with sides r’ and S’ is 
congruent to angle A. Denoted by ZA* ZA. If ZA 
is a straight angle, then the straight angle at A’, with one side 
r', is the only angle with one side r’ congruent to angle A. 
2. The equality properties of congruent angles; 
(a) ZA Zk (Reflexive) 
(b) lf ZA Z 3, then Z B Q*' ZA (Symmetric) 
(c) lf ZA <^/B, and ZB ZC, then Lk ^/C (Transitive) 
3. The postulate of addition and subtraction of angles. — If in a 
polygon any two pairs of angles such as ZA and /A'; ZB and 
ZB1; ZC and Zc are congruent, then the third pair of angles 
are also congruent. That is to say: 
(a) If ZA ^ Z A* and ZB ZB', then ZC Zc 
(b) If ZB ^ ZB* and Zc^ /C, then ZA Qd Z A * 
(c) If ZC QZ ZC* and Z A & Lk', then Z B & Z B< 
U. Congruence relation of segments and angles. — If two triangles, 
A ABC and A A'B'C , are such that AB OS' A'B', AC QZ A'C', 
and ZA ^ ZA», then ZB ^ ZB« and Zc ^ Z C. 
It is important to note that postulated serves as a cornerstone in 
developing a postulational system for Euclidean geometry by tying together 
the concepts of angles and segments in a manner the distributive law ties 
the operation of addition and multiplication together. With postulate I: 
and other postulates above, along with related definitions, we have the 
tools to prove many theorems and to solve many problems. However, this 
system is not complete without the oarallel postulate. 
The postulate of parallel. — Through a point that is not on a line, 
there can be drawn one and only one line. 
This completes the system of postulates, but the theorems and defini¬ 
tions that are represented in this thesis form a representative sampling 
of theorems and definitions employed in the Ball State Program of Geometry. 
CHAPTER III 
APPLICATION OF BIRKHOFF'S POSTULATES TO PLANE GEOMETRY 
BASED ON SCALE AND PROTRACTOR AXIOMS 
George D Birkhoff published, in 1932, the following set of postulates 
in the Annals of Mathematics. He had attempted previously to present the 
simplest facts of geometry in popular form and out of this attempt, he 
realized how plane geometry might be approached through the medium of the 
scale and protractor. From a purely mathematical point of view, the fol¬ 
lowing postulates are hardly classed with other sets. Because of their 
present day usefulness in the modern trends of teaching geometry, they 
possess an important interest. 
Realizing the importance of undefined terms in a logical-deductive 
system, Birkhoff used the following undefined elements: 
1. Points denoted by A, B. C. ... 
2. Certain classes of points called straight lines, denoted by 
1, m, ... 
His primitive relations are: 
1. Distance between any two points AB denoted by d(AJB) a real 
non-negative number with d(A,B) = d(B,A). 
2. Angles formed by three ordered points A,Q,B (A ^ 0, B ^ 0) 
denoted by ZAOB a real number ( mod 2 tT ) where 0 is called 
the vertex of the angle. 
Birkhoff used four postulates and ten basic theorems to develop his 
categorical system of geometry. These postulates and theorems, with some 
proofs, are listed as follows: 
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Postulates. — (The postulate of line measure) The points A,B,... 
of any line 1 can be put into (1,1) correspondence with the real numbers 
X so that | y — X„ j=d(A,B) for all points A, B. 
Comment: This postulate is based on a marked scale or ruler and it 
can be clearly seen that the ensuing conclusions readily follow, (l) 
d(A,B) = 0 iff A = B. (2) If A,B,C are distinct points on a line and pro¬ 
perly ordered, then d(A,C) = d(A,B) + d(B,C) holds only in the order A, 
B, C and the inverse order C, B, A. (3) If X' denotes a second system of 
numeration in the line 1, then for all points A of 1 and for some constant 
d either Xa~Xj-t^or X^ = -Xfl 4- d . This affirms thet the numeration on the 
scale is determined by the origin 0 and the direction taken as positive. 
From the above postulate and conclusions, the following definitions 
are in order: 
1. B is between A and C and C (A ^ C) if the relation above holds. 
The points A, C and all of the points B between A and C farm seg¬ 
ment AC. This is to say, segment AC is the set of points P such 
2. A half line 1' with end point 0 is defined by two points 0, A in 
a line 1 (A ^ 0) as the class of all points A' of 1 such that 0 
is not between A and A' (Figure 3-1) 
that (Xfl- Xp Û ) and CXcé Xp û Xfl ) 




3. If A, B, C are three distinct points, the three segments AB, BC, 
CA form a triangle, denoted by ^A3C, with sides AB, BC, CA and 
vertices A,B,C. If A,B,C are in the same straight line, 4ABC 
is said to be degenerate otherwise non-degenerate. 
The point-line Postulate. — One and only one straight line 1 contains 
two given points P,Q (P ^ Q). 
Comment: Prom the point-line postulate, the following consequences 
are clear: 
1. If 1, m are distinct lines, they will have one or no point in 
common. 
2. If they have one point in common, they intersect at that point.. 
3. If they have no ooint in common, they are parallel. A line is 
always regarded as parallel to itself. We can further comment 
that point-line postulates embodies the fact that a unique line 
may be oassed through two points so that two lines intersect at 
a definite point. All geometric constructions depend on this 
fact. 
The postulate of angle measure. — The half line 1, m... through any 
point 0 can be put into (1,1) correspondence with; the real numbers a (mod. 
2 1? ),* so that if A ^ 0 and B ^ 0 are points of 1 and m, respectively, 
the difference am - a-^ (moc 2 IT ) is ZAOB . Furthermore, if the point B 
on m varies continuously in a line r not containing the vertex 0, the num¬ 
ber am, varies continuously.** 
* d(mod 2 1?) read d modulo 2 TP stands for the infinite set d + 2KTT, 
K = 0, il, i2 ... having the same residue when divided by 2 YP . 
More precisely limit a^, — a^ if limit d(3,A) = 0 for points B,A of 




Comments (l) Since two half lines 1 and m with common end-point 0 
define an angle 1 o m denoted by ZAOB where A ^ 0 and B ^ 0 lie in 1 
and m, respectively, we know that the protractor embodies the postulate 
of angle measure. (2) By angle 1 o m is meant the directed angle from 
the half line 1 to half line m, i. e., the position of m relative to 1. 
This gives Z-lom, in an ordinary sense, the numerical value of the 
least residue of Am - A1 (mod 2 TT ) when A^ - A-j^ is an algebraic dif¬ 
ference representative of an angle generated by continuous rotation of 1 
to m. Hence, we can conclude that: (l) /lorn =s 0 iff ia=m and (2) 
if 1, m, n are any three half-lines through 0, then Zlom + Zmon 
•=■ Zion. Further, if a second numeration for angle measure is used, it 
will be the same as line measure above. Therefore straight angles ( /.lorn) 
or ( Z-mol) = YP and right angles ( Z lom)=± . 
The Similarity postulate. — If in two triangles, ZA3C, ^A'B'C' and 
for some constant K > 0, d(A',B') — Kd (A,B), d(A *C ’ ) — Kd (A,C) and ZB'A'C 
6 
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Comment: Prom the similarity postulate, we see that two broken lines 
or polygons are congruent if they are similar with a ratio of proportionality 
K = 1. That is to say, corresponding distances are equal. Also the 
similarity postulate applies in the degenerate case when the points A'B'C' 
or ABC lie in a straight line. 
Theorem 1. — The angle lorn is a straight angle if and only if 1 and 
m are on the half lines of a single line n which have 0 as their common 
end-point. Proof: Suppose n is a line with point 0 and corresponding half 
lines 1 and m. We want to show that Zlom = Tf . Hence, choose A on 1 and 
B on m so that OA = 0B=1. (post. 1). Therefore, in degenerate AOBA and 
AOAB we have Z.OBA'S. -f ZOAB 3 0 and d(B,0J sd(A,0). Further, d(B,A) — 
d(A,B) so that A OBA and A0A3 are congruent, i. e., similar with K=l. 
(post. Li). Now, 4BOA = ZAOBS-/BOA. Hence 2 Z.B0A s 0 ./.ZBOAs-O orîf. 
But 4BOA=£O since OA andOB are distinct half lines (post. 3). Hence, 
Z30A= YT . 
Theorem 2. — Two trinagles 4ABC and AA'B'C' are similar if two pairs 
of corresponding angles are equals or negatives of one antoher. Proof: 
Suppose 4ABC= ZA'B'C and Z CAB = ZC'A'B'. 
Define K= and let C" be the point on the half line A'C such 
that =■ ^ also. Clearly by post J4 A A'B’C' is similar to A ABC with 
equal angles. Hence, ZA'B'C = Z ABC= Z A'B'C*. By.post 3 B'C' 
B'C". Hence C" lies in the line B'C' and in A'C' C" must coincide with 
21 
Theorem 3» — If d(A,C) =*d(B,C) in A ABC, then /CAB— —/CBAj and 
conversely. Proof: Observe A CAB and / CBA in which d^A^d^B),— 
d(C,A) and Z.ACB= — /BCA. Hence, these triangles are congruent, with 
K=1 and Z CAB = — ZCBA. Conversely, assume /.CABS — /CBA and com¬ 
pare /CAB and /CBA where /BCA— —/ACB. Hence, by theorem 2 the 
triangles are similar with K=l. Thus, D(A,C) =: d(B,C). 
Theorem U. — Two triangles A ABC and A A'B'C 
are similar if their corresponding sides are proportional. Figure 3-6 
Comment: The similarity postulate, theorems 2 and Inform the foundations 
for congruence and similarity theorems. 
Theorem 5» — For any triangle A ABC, ZABC-f- /BCA -f /CABS Yf • 
Further, if ABC is non-<jegenerate all three angles may be taken with the 
same sign between 0 and TT 
Proof: (Part I) Construct /ABC and let K,L,M 
be mid-points of the sides BC, CA, and AB re¬ 
spectively (Figure 3-7). Hence, by the similarity 
postulate, we observe that /AML, / MBK, AU<MLKC 
are similar to A ABC with proportionality 
K =■ | and equal angles. Therefore, d(L,M) = ^ Figure 3-7 
|d(B,C), d(M,K)= |d(C,A) and d(K,L)= £d(A,B). Thus AKIM ^ to each of 
the small triangles by theorem It. How, let /ABC3/^i ZBCAS Y and Z.CAB 
= JL • Hence, we have /-'ŒL+ A , KLM ± /3 and ZlMKi f idlere the -f 
or - sign is to be the same throughout. Further, observe ZAMB = ZAML + 
Z11MK+ ZKMBs/^-f Z LMK 4- <k,  a straight angle. Hence, the desired 
relation if 4- holds. If - holds, thenK=-/<^— Y+A or 71= A—/7-hYor 7t— 
. However, by addition 3TC — H +■ Y (as before) so that 
2»C — 2/^ — 2 Y = 0. Therefore or IT, /$ — 0 or VT 
and Y= 0 or ÏT . Hence, the + sign holds here as in all cases. 
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Theorem 6. — All points P equidistance from A and B (A B) lie 
on the perpendicular bisector of the line AB, 
Proof: Let AB and a point P be such that 
d(P,A) — d(P,B) Figure 3-3. And let m be the 
mid-point of AB and join P to M. Hence, 
/S AMP ^ Ù BMP by theorem Li since d(AP)= 
d(B,P), d(A,M) = d(B,M) and d(M,P) = d(M,P). 
Therefore, /MPB = L /MPA. But since A and B are distinct, the - sign 
must be taken. Further, /.BMP— — / AMPS Z- PMA. /AMB = /AMP 
, x. e., P 
lies in the perpendicular bisector of AB. 
Theorem 7» — There is one and only one line perpendicular to a 
line 1 which contains a given point P. 
Theorem 3. — One and only one line parallel to a given line contains 
a given point P. Proof: (Part I) If P is on 1 and since every line is 
parallel to itself, the proof would be trival. But suppose P is not on 
line 1, then consider linePD J. 1 and line m 1 PD at P. (Figure 3-8). If 
m intersected 1 then there would be two perpendiculars from the point of 
intersection to PD. Hence a contradiction by theorem 7. Therefore m||L 
+ /PMBa= 2 L AMP or IT H 2 /.AMP. Thus Z.AMP= ± Ç 
(Part 2) Suppose there is another line m through P parallel to 1, then 
choose a point q 4= P on n and construct the perpendicular to PD meeting 
it at R. Now lay off DE on 1 such that 2lQRP is siniildr to ZliP&dp with 
equal angles• Hence, PS coincides with PQ and line n meets 1 at S, Thus 
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n VW S. Contrary to the assumption, the theorem holds. 
Theorem q . — In any rectangle PQBS, the two pairs of opposite sides 
PQ, RS, and PS, EQ are equal and the four angles Z.FQR, /QRS, ZHSP, 
ZSPQ are all congruent to ^ . 
As we pointed out at the beginning of this chapter, the above postu¬ 
lates and theorems were the results of Birkhoff's investigations prior to 
their publication in 1932. His system in its rigorous mathematical farm 
has been modified to be presented on the high school level. This was done 
through the collaboration of Birkhoff and his colleague, Ralph Beatley, in 
a text entitled Birkhoff and Beatley Basic Geometry. However, the above 
rigorous presentation justifies the basis on which the system was developed. 
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